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We propose a toy model of Dark Energy in which the degrees of freedom currently dominating
the energy density of the universe are described by a pseudo-scalar “axion field” linearly coupled to
the Pontryagin density, tr(F ∧F ), i.e., the exterior derivative of the Chern-Simons form, of a gauge
field. We assume that the axion has self-interactions corresponding to an exponential potential. We
argue that a non-vanishing magnetic helicity of the gauge field leads to slow-rolling of the axion at
field values far below the Planck scale. Our proposal suggests a “Tracking Dark Energy Scenario”
in which the contribution of the axion energy density to the total energy density is constant (and
small), during the early radiation phase, until a secular growth term proportional to the Pontryagin
density of the gauge field becomes dominant. The initially small contribution of the axion field to
the total energy density is related to the observed small baryon-to-entropy ratio.
I. INTRODUCTION
As is well known, the Strong CP Problem related to the
vacuum structure of QCD, as described by the vacuum
angle θ, can be solved by promoting θ to a pseudo-scalar
field, the axion [1]. This field gives rise to a new species
of light particles. It can be interpreted as the phase,
related to a U(1)- symmetry, of a complex scalar field [2].
A non-vanishing vacuum expectation value of the scalar
field leads to the spontaneous breaking of this symmetry.
The field quanta of the axion are the Goldstone bosons
accompanying the breaking of the U(1)- symmetry. They
may acquire a mass through instanton effects and can
be made “invisible” by choosing the symmetry breaking
scale to be sufficiently high [3]. The axion may then be
a candidate for dark matter; (see e.g. [4]). Some time
ago, it has been suggested [5] that, besides the QCD
axion, there could exist an effective axion field conjugate
to the anomalous axial vector current in QED. The time
derivative of this axion field would then play the role of
a space-time dependent chemical potential for the axial
charge density in QED and, through the chiral anomaly,
would give rise to an instability triggering the growth of
low-frequency magnetic fields with non-trivial helicity;
see also [6]. Possible applications of this observation to
early universe cosmology, and in particular to the issue of
the generation of primordial magnetic fields, have been
discussed in [7]; (see also [8], [6]).
In this paper, we explore the possibility that an axion
field, φ, linearly coupled to the Pontryagin- or “instan-
ton” density, tr(F ∧ F ), of a non-abelian gauge field,
Aµ, could contribute to the dark energy of the Uni-
verse. We assume that the axion field has non-trivial
∗Electronic address: stephonster@gmail.com
†Electronic address: rhb@physics.mcgill.ca
‡Electronic address: juerg@phys.ethz.ch
self-interactions described by a potential term, V (φ), in
the action functional. As has previously been observed
in the context of inflationary models in [9, 10] (see also
[11]), the coupling of the axion to the instanton den-
sity of Aµ can lead to slow-rolling of φ also for values
of φ much smaller than the Planck mass. We show that
slow-rolling of φ leads to a “tracking solution” with the
property that the energy density of φ tracks that of the
radiation-dominated background of the early Universe up
to a time tc when a secular growth term in the magnetic
helicity of the gauge field starts to dominate. From this
time on, the contribution of φ to the energy density of the
Universe starts to grow until it might actually dominate
it at some late time. Choosing parameter values moti-
vated by the observed small baryon-to-entropy ratio, we
arrive at a scenario in which the currently observed dark
energy in the Universe may come from the axion field
φ. Thus, our mechanism might represent a realization of
the tracking dark energy scenario previously discussed in
[12]; (see also [13]).
In the following section we describe some key features
of our scenario. One such feature is a secular growth in
cosmological time of the electric component of the gauge
field tensor. This is discussed in more detail in Section
III, where we derive the gauge field equations of motion
in the presence of a term coupling the Pontryagin density,
i.e., the exterior derivative of the Chern-Simons 3-form,
to the axion field. We then attempt to find solutions of
these equations that yield a homogeneous and isotropic
Pontryagin density. It turns out that such solutions only
exist for non-abelian gauge fields. In Section IV we con-
sider an exponential potential for the self-interactions of
φ and try to find out under what conditions tracking dark
energy arises. In Section V we discuss tentative particle
physics connections of our scenario. Some conclusions are
presented in Section VI. An interesting variant of our sce-
nario involving a complex scalar field whose phase plays
the role of the new axion field introduced in the present
paper will be discussed in forthcoming work.
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2A word on our notation: Our space-time metric has
signature (−,+,+,+). We work in units in which the
speed of light, Planck’s constant and Boltzmann’s con-
stant are all set to 1. The cosmological scale factor is
denoted by a(t), where t is physical time. The Hubble
expansion rate is H(t) = a˙a (t), and teq denotes the time
of equal matter and radiation.
II. KEY FEATURES OF OUR SCENARIO
In this section we introduce our dark energy model,
postponing a discussion of its origins in particle physics
to Section V.
A key element of our model is a pseudo-scalar axion
field, φ, that couples linearly to the Pontryagin density,
tr(F ∧ F ), of a (massive) non-abelian gauge field, Aµ.
The dynamics of the axion field φ, the gauge field Aµ and
the space-time metric gµν is determined by the following
action functional:
S =
∫
d4x
√−g
[
R
16piG
+ Lm
]
, (1)
where the matter Lagrangian is given by
Lm = 1
2
∂µφ∂
µφ− V (φ) (2)
−1
4
FaµνF
µν
a −
λ
f
φFaµν F˜
µν
a + mass terms .
The second but last term, henceforth called “ magnetic
helicity term”, can be understood as arising from cou-
pling the gradient of φ to an anomalous axial vector cur-
rent and then invoking the chiral anomaly [14]. We will
discuss possible particle physics origins of the field φ, of
an anomalous axial vector current, and of a heavy gauge
field (with field strength denoted by F ) in Section V. In
Eq. (2), repeated indices are to be summed over, the
index a is a gauge group index, µ and ν are space-time
indices, λ is a dimensionless coupling constant, and f is
a reference field value that also appears in the axion po-
tential V (φ). In this paper we consider an exponential
potential:
V (φ) = µ4eφ/f , (3)
where µ sets the energy scale of the potential. This choice
of V (φ) leads to an explicit breaking of parity and time-
reversal invariance. (To avoid this, one might consider
replacing exp(φ/f) by cosh(φ/f)−1 in Eq. (3).) A more
natural choice of self-interactions not breaking these sym-
metries explicitly will be considered in forthcoming work.
A basic feature of our model is related to the expecta-
tion that φ is very slowly rolling at sub-Planckian field
values, due to its coupling to the gauge field. Assuming
spatial homogeneity, the field equation of motion for φ is
given by
φ¨+ 3Hφ˙+ V ′(φ) =
λ
8f
~Ea · ~Ba , (4)
where the prime denotes a derivative of V with respect
to φ. Following a hypothesis introduced in the context
of inflationary models in [9] and in [10], we assume that
the term proportional to the Pontryagin is responsible
for slow-rolling of φ, in the sense that the terms in (4)
proportional to first and second time derivatives of φ are
negligible as compared to the two remaining terms. If
this assumption can be justified the equation of motion
for φ reduces to
V ′(φ) ' λ
8f
~Ea · ~Ba , (5)
an equation that determines the time-dependence of φ,
once one knows the time-dependence of ~Ea · ~Ba. We note
that slow rolling can arise at sub-Planckian field values,
[9], in contrast to the usual slow-roll in large-field infla-
tionary scenarios, which requires super-Planckian values.
In the context of inflation, a scenario based on the two
basic features of our model described so far is sometimes
called chromo-natural inflation [10].
A third key feature of our scenario concerns the secular
growth of a spatially homogeneous configuration of the
electric field Ea, in excess of its usual dynamics. This
growth is induced by the coupling of the gauge field to the
axion field φ, as in (2). Under the assumption that the
coupling constant λ is sufficiently large, we will show that
secular growth of Ea, when combined with Eq. (5), yields
an axion field configuration that gives rise to tracking
dark energy.
The main point is that a non-vanishing magnetic he-
licity, which originates from the coupling of the gauge
field to the axion as expressed by the “magnetic helic-
ity term,” acts as an extra “friction term” that ensures
that φ will slowly roll down its potential – even at sub-
Planckian field values. Thus, the resulting equation of
state for the energy density of the axion is dominated by
the potential energy term, which yields a contribution to
dark energy. Equations (3) and (5) then tell us that if
the Pontryagin density ~Ea · ~Ba exhibits secular growth,
the contribution of φ to the total energy density of the
Universe can become important at late times.
Finally, another key feature of our scenario is that the
initial value of the energy density of φ is proportional
to a small number in cosmology, such as the baryon to
entropy ratio nb/s, (nb and s being the baryon and pho-
ton number densities, respectively). As far as relating
a late-time cosmological observable to the small baryon
to entropy ratio (via a term in the Lagrangian coupling
the axion to an anomalous current) is concerned there
are similarities of our work to the one in [15], where the
tensor-to-scalar ratio, (i.e., the ratio of the strength of
gravitational waves to that of scalar cosmological fluctu-
ations), is related to nb/s.
3III. GAUGE FIELD DYNAMICS IN THE
PRESENCE OF THE “ANOMALY TERM”
The equation of motion for the field strength tensor of
the gauge field in the presence of a Chern-Simons term
(but neglecting mass terms) is given by
Dabα F
bαβ − 4λ
f
µνβα∂abα (φF
b
µν) = 0 . (6)
In this equation D denotes the covariant derivative,
which is defined by
Dabα ≡ δab∇α − gfabcAcα (7)
where ∇α is the space-time covariant derivative, g is the
gauge coupling constant, and the fabc are the structure
constants of the gauge group.
We write the equation of motion for the gauge field
in terms of the “electric” and “magnetic” components of
the field tensor,
Eaµ = F
a
µνu
ν , (8)
Baµ = −
1
2
µνρσF
aρσuν ,
where uµ = (1, 0, 0, 0) is the four-velocity of a comoving
observer in an FRW spacetime. In manifestly covariant
form, the equations of motion are
uαDabα E
bσ + 2HEaσ − uµµσαβDabα Bbβ
= −8λ
f
(
uµ
µσαβ∂αφE
a
β + u
α∂αφB
aσ
)
,
Dabα E
bα =
8λ
f
∂αφB
aα. (9)
In standard three-vector form, the equations are
Dab0 E
b + 2HEa − 1
a
Dab ×Bb (10)
= −8λ
f
(
1
a
∇φ×Ea + φ˙Ba
)
Dab ·Eb = 8λ
f
∇φ ·B (11)
where Dab is the spatial part of Dabα .
Using the general definition of the electric and mag-
netic components of the field tensor,
Eai = ∂0A
a
i −Dabi (A)Ab0 (12)
and
Bai = ijk(∂jA
a
k −
g
2
abcAbjA
c
k) (13)
the field equations for the gauge field coupled to the axion
field take the form
∂
∂t
Eia −
g
2
abcA0bE
i
c + 2HE
i
a − εijk∇jBak (14)
= −λ
f
[φ˙Bia − εijk∇jφEak]
and
∇iEia = −
λ
f
∇iφBia, (15)
with
εijk∇jEak = − ∂
∂t
Bia (16)
In the following we will consider a spatially homoge-
neous gauge field configuration. Of course, in general
non-vanishing electric and magnetic background fields
break rotational invariance; but spatial homogeneity can
be preserved in gauge-invariant combinations of ~E and
~B. As a result of a non-vanishing instanton condensate,
CP is broken, which may have interesting consequences
that we will return to elsewhere. The instanton conden-
sate ~Ea · ~Ba can be non-zero, homogeneous and isotropic,
i.e., translation- and rotation invariant.
For a non-Abelian gauge group, such as SU(2), we
make the ansatz of a spatially homogeneous background
gauge field. Following [16] (see also [17]) we take
A0 = 0 (17)
Ai(t) = aψ(t)δ
a
i Ja
where Ja are the generators of the non-Abelian SU(2)
gauge group and δia is a Kronecker delta symbol combin-
ing an upper internal (Lie-algebra) index, a, with a lower
spatial index, i. The field strength tensor elements are
then
F a0i = a
˙(aψ)δai
F aij = −g(aψ)2aij , (18)
which in particular implies that the electric field can be
written as
Eai ∼ E(t)δai . (19)
Before the gauge field acquires a mass, the equation of
motion for ψ is (see [10])
ψ¨ + 3Hψ˙ +
(
H˙ + 2H2
)
ψ + 2g˜2ψ3 = g˜
λ
f
φ˙a3/2ψ2 . (20)
where the term on the right hand side of the equation
comes from the magnetic helicity (instanton) term in the
action which leads to a coupling of the axion to the back-
ground gauge field. The coefficient of the term linear in
ψ vanishes in the radiation epoch.
The equation (20) displayed above holds at all times
for an unbroken gauge theory. However, we are more in-
terested in a gauge theory that is spontaneously broken
at a fairly large mass scale m. The gauge field of the the-
ory acquires its mass after the symmetry breaking phase
transition, a transition occurring when the temperature,
T (t), of the Universe is of the order of m. After the phase
transition, at temperatures below the transition temper-
ature, the energy density of the gauge field scales like
4that of matter, i.e., ρgauge ∼ a(t)−3, for times greater
than tm, where tm is determined by
T (tm) ≈ m, (21)
where T denotes the temperature of radiation.This cor-
responds to the scaling
E(t), B(t) ∼ a(t)−3/2 . (22)
Once the gauge field acquires a mass, there will be an
extra mass term in the equation of motion for ψ, yielding
ψ¨ + 3Hψ˙ +
(
H˙ + 2H2
)
ψ +m2ψ + 2g˜2ψ3
= g˜
λ
f
φ˙a3/2ψ2 . (23)
Since we are assuming that the mass will be much larger
than the value of H at the time of equal matter and radi-
ation, the third term on the left hand side of (23) is negli-
gible even in the matter era. The nonlinear term propor-
tional to ψ3 becomes increasingly unimportant compared
to the ψ¨ ∼ m2ψ term as time goes on since the ampli-
tude of ψ decreases. The approximate form of (23) then
becomes
ψ¨ + 3Hψ˙ +m2ψ = g˜
λ
f
φ˙a3/2ψ2 . (24)
In terms of electric and magnetic fields, this equation
corresponds to (suppressing the gauge group index a)
∂
∂t
Ei +
3
2
HEi = −λ
f
[φ˙Bi]
B˙i +
3
2
HBi = 0 (25)
The key point is that the coupling of the gauge field
to the axion field φ has the consequence that the elec-
tric field decays less rapidly than it would in the absence
of φ. This effect entails that the magnetic helicity and
the energy density, 12 (
~E2 + ~B2) of the gauge field, which,
initially, scale like that of radiation, then like the one of
matter, turn out to grow relative to the energy density
of matter, at late times.
In the absence of the magnetic helicity term propor-
tional to φ˙, or if the φ-field is time-independent, the
equations (24) or (25) imply the behavior Ei ∼ a−3/2
and Bi ∼ a−3/2. Hence they imply that the energy den-
sity of the gauge field (i.e., of the ~E- and ~B- fields) scales
like that of matter (For times t < tm, the energy den-
sity of the ~E- and ~B- fields decays like that of radiation.
This corresponds to a scaling of these fields proportional
to a−2. Let us denote the ψ field in the absence of the
“magnetic helicity term” by ψ0(t).
We may then determine the effects caused by the “mag-
netic helicity term” using the Green function method.
We write
ψ(t) = ψ0(t) + ψ1(t) , (26)
where ψ0(t) is the solution without the magnetic helic-
ity term which satisfies the given initial conditions at an
initial time ti, and ψ1(t) is the first order Born approxi-
mation calculated from
ψ¨1 + 3Hψ˙1 +m
2ψ1 = g˜
λ
f
φ˙a3/2ψ20 ≡ S(t) , (27)
where S(t) stands for the “source” term in the Born ap-
proximation. The solution can be written as
ψ1(t) =
∫ t
ti
dt′G(t, t′)S(t′) , (28)
where G(t, t′) is the Green function which is given by
G(t, t′) = w(t′)−1
(
u1(t)u2(t
′)− u2(t)u1(t′)
)
, (29)
where u1 and u2 are the two basis solutions of the homo-
geneous equation of motion, and
w(t) = u˙1(t)u2(t)− u˙2(t)u1(t) (30)
is the Wronskian.
In the radiation epoch, i.e. for t < teq we have
u1(t) =
( ti
t
)3/4
cos(mt)
u2(t) =
( ti
t
)3/4
sin(mt) . (31)
Hence the leading term in the Wronskian gives
w(t′) ' m( ti
t′
)3/2
. (32)
As we will see later
1
f
|φ˙| = n˜1
t
, (33)
where n˜ is a number of order one. Computing (28), using
(29), (31), (32), and (33), yields a term ψ0(t), multiplied
by a certain integral denoted G(t),
ψ1(t) = ψ0(t)G(t) . (34)
Here G(t) is a “secular growth factor” given by
G(t) ' g˜n˜λm−1ψ0(ti)log( t
ti
) . (35)
The secular growth of ψ leads to a corresponding secular
growth of the magnetic helicity tr( ~E · ~B). The analysis
for t > teq is analogous, except that the mode functions
u1 and u2 now scale as t
−1.
Based on the above analysis we are able to determine
the scaling of the magnetic helicity term. Taking into
account the fact that B(t) scales as a(t)−2, for t < tm,
and as a(t)−3/2, for t > tm, we find that
~Ea · ~Ba ∼ a(t)−4 (36)
for t < tm, as
~Ea · ~Ba ∼ a(t)−3 (37)
for tm < t < tc, and as
~Ea · ~Ba ∼ a(t)−3G(t) , (38)
for t > tc.
5IV. LATE TIME ACCELERATION FOR AN
EXPONENTIAL POTENTIAL
Next, we analyze how the dynamics of the axion φ is
affected by gauge field configurations with non-vanishing
magnetic helicity. We recall that, for a spatially homo-
geneous configuration of axions, the field equation of φ is
given by
φ¨+ 3Hφ˙+ V ′(φ) =
λ
8f
~Ea · ~Ba , (39)
where the prime indicates a derivative of V with respect
to φ. As in the context of inflationary models in [9], we
assume that the term on the right side of (39) gener-
ates slow-rolling of φ, namely that the terms φ¨ and 3Hφ˙
in (39) are negligible as compared to the two remaining
terms. We will check the self-consistency of this assump-
tion below. The evolution of φ is then determined by
V ′(φ) =
λ
8f
~Ea · ~Ba (40)
For an exponential potential,
V (φ) = µ4eφ/f , (41)
Eq. (40) yields
V (φ) =
λ
8
~Ea · ~Ba (42)
The proportionality of V (φ) to tr ( ~E · ~B) is a special
feature of the exponential potential. For polynomial and
periodic potentials, V (φ) ends up being proportional to a
power of tr ( ~E · ~B) greater than 1, and hence would decay
faster in time, in an expanding universe. This makes it
more difficult to interpret φ as a dark-energy candidate.
We will study such types of potentials in the context of
a different (possibly more natural) model in a follow-up
paper.
Combining (41) and (42) we find the following expres-
sion for the axion field φ:
φ
f
= log
(λ
8
µ−4 ~Ea · ~Ba
)
, (43)
which leads to
1
f
|φ˙| = n˜1
t
, (44)
where the number n˜ is n˜ = 2, for t < tm and for t > teq,
and equals n˜ = 3/2, for tm < t < teq. This expression
is important for the evaluation of the magnitude of the
secular growth term (35). In fact, inserting (44) into (25)
and taking into account that B and E0 scale the same
way as a function of time we find that
Ea(t) = Ea0(t)
[
1 + n˜λ
Ba(ti)
Ea(ti)
log(
t
ti
)
]
. (45)
Thus, the secular growth term grows logarithmically in
time.
We now search for conditions implying that φ is a vi-
able candidate for dark energy. First of all, φ has to be
slowly rolling as a function of time in order for the equa-
tion of state of φ to be that of dark energy. Second, we
have to show that the energy density of φ has the po-
tential to dominate over the background energy density
shortly before the present time. To complete our analy-
sis, we need to make sure that the energy density of the
gauge field which the axion field φ couples to remains
subdominant.
Under the assumption that the slow-rolling conditions
are satisfied, Eq. (42) immediately leads to an expression
for the contribution, Ωφ, of the φ- field to the total en-
ergy density of the universe. From the above discussion
it follows that, for t < tm, the energy density of φ scales
like that of radiation and hence leads to a constant con-
tribution to Ωφ. For tm < t < teq, the potential energy
of φ decreases less fast than the background radiation
density, leading to a contribution to Ωφ that grows lin-
early in a(t). We should emphasize, however, that the
contribution of φ to Ω scales in the same way as the con-
tribution of dark matter to Ω. Once t > teq, but before
t = tc, both the background density and the energy den-
sity of φ scale as a(t)−3, and hence the contribution of
φ to Ω is constant. Finally, once t > tc, Ωφ increases in
time. Specifically, for late times t > teq, we obtain that
Ωφ(t) ' V (φ(t))
ρ0(t)
(46)
=
λ
8
( ~E · ~B)(ti)
ρr(ti)
(a(teq)
a(tm)
)[
1 + n˜λ
B(ti)
E(ti)
log(
t
ti
)
]
,
where ρ0(t) is the background energy density at time t,
and ρr(ti) is the energy density of radiation at the initial
time ti, (which is approximately equal to the total energy
density at that time, since we have assumed that ti is
chosen to belong to the radiation period). Equivalently,
we can express Ωφ in terms of the background matter
density, ρm, at the initial time
Ωφ(t) ' V (φ(t))
ρ0(t)
(47)
=
λ
8
( ~E · ~B)(ti)
ρm(ti)
( a(ti)
a(tm)
)[
1 + n˜λ
B(ti)
E(ti)
log(
t
ti
)
]
,
Figure 1 presents a sketch of the time evolution of Ωφ.
Since the energy density of the new gauge field is larger
than tr( ~E · ~B), (by the Schwarz inequality), a necessary
condition for φ to be a dark energy candidate is that
V (φ)  tr ( ~E · ~B) , (48)
which, by (42), can only hold provided
λ  1 . (49)
6FIG. 1: Sketch of the time evolution of the fractional contribution Ωφ of the φ field to energy density of the Universe. The
horizontal axis is time, the vertical axis is the value of Ωφ. The contribution is constant until the time tm when the gauge field
mass becomes important. It then rises as the scale factor, to become constant again for t > teq. Once the secular growth of the
E field becomes dominant at the time tc the contribution of φ to Ω once again begins to rise as given by the secular growth
factor G(t). Note that t0 is the present time.
For φ to be a good tracking quintessence candidate, we
need the secular growth term in (35) to become dominant
at a time tc, with
teq < tc < t0 , (50)
where t0 is the present time. This leads to the require-
ment that B(ti)/E(ti) needs to be slightly smaller than
λ−1, which is a tuning condition we need to impose.
Above we have assumed that the slow-roll conditions
φ¨ V ′(φ) and 3Hφ˙ V ′(φ) (51)
are satisfied, and that the equation of state of φ leads
7to acceleration. It is easy to check that the slow-roll
conditions are satisfied, provided
f  mpl . (52)
It is not hard to check that the equation of state for φ
is dominated by the potential energy if condition (52)
is satisfied. Thus, the field φ is indeed a candidate for
tracking dark energy.
Finally, we study the magnitude of the contribution
of φ to the dark energy budget. Evaluating (46) at the
present time t0 and assuming t0 > tc we obtain (dropping
Lie-algebra indices on ~E and ~B)
Ωφ(t0) ' λ
8
( ~E · ~B)(ti)
ρr(ti)
(a(teq)
a(tm)
)
λ
B(ti)
E(ti)
log(
t0
ti
) . (53)
If we do not want to introduce a new mass hierarchy
into our model, it is natural to assume that tm ∼ ti. In
this case, an initial value of tr ( ~E · ~B) comparable to the
initial matter density is required in order for the order
of magnitude of (53) today to be close to unity. This
is ensured if, initially, at time ti, the ratio between the
instanton density and the energy density of radiation is
proportional to the ratio between baryon- and entropy
density, i.e.,
tr ( ~E · ~B)(ti)
ρr(ti)
∼ nB
s
(ti), (54)
where nB is the baryon number density and s the entropy
density. Hence, the smallness of the initial contribution
of φ to dark energy is guaranteed by the observed small
baryon to entropy ratio. This factor is believed to be of
the order 10−10.
V. PARTICLE PHYSICS CONNECTIONS
A) An axion coupling to an anomalous matter
current:
The standard axion field, a(x, t), along with the Peccei-
Quinn symmetry has been introduced to solve the strong
CP problem of QCD; see [2]. The mechanism leading to
the spontaneous breaking of the Peccei-Quinn symmetry
involves a complex scalar field with a standard symme-
try breaking potential whose angular variable is the ax-
ion field a [1]. The coefficient of the Pontryagin density,
tr(F ∧ F ), in the QCD Lagrangian then becomes a dy-
namical variable. At the perturbative level, the axion
has a flat potential. Non-perturbative instanton effects
create however a non-trivial potential, V (a), for the ax-
ion. This potential is periodic in a, which is an “angular
variable.” The periodicity of the potential is not unprob-
lematic, since it could give rise to an axion domain-wall
problem.
The axion of QCD is a candidate for dark matter [4],
but cannot be a candidate for dark energy, since it in-
teracts too strongly with electromagnetism. Any viable
candidate scalar field for dark energy needs to couple very
weakly to standard model matter [18].
The idea underlying our proposal is that the field φ
responsible for dark energy could be a new axion field
conjugate to an anomalous matter current [14]. A pos-
sible example would be an anomalous lepton current, in
which case the gauge field would be a weak SU(2) field
(see, e.g., [19] ). The gradient of φ can then be linearly
coupled to the anomalous axial vector current Jµ5 , intro-
ducing a term proportional to
∂µφ · Jµ5 (55)
in the Lagrangian of the theory. Apparently, the time
derivative of φ then plays the role of a space-time depen-
dent axial chemical potential for an axial charge density
[5], (e.g., the 0-component of the left-handed lepton cur-
rent). This may furnish an ingredient in a mechanism
responsible for the observed matter-antimatter asymme-
try. Thanks to the anomaly equation [14], the term (55)
is equivalent to a term proportional to
φ(F ∧ F + 1
f
∑
j
mjψ¯jγ5ψj) , (56)
with j labeling fermion species, where species j has mass
mj and is described by a spinor field ψj .
Instanton effects are usually expected to lead to a po-
tential for φ that is periodic in φ, and this possibility is
studied in forthcoming work. One may imagine, how-
ever, that axion shift-symmetry breaking effects might
generate an exponential potential. The value of the pa-
rameter f is related to the symmetry breaking scale, and
the energy-scale parameter µ is set by the strength of the
instanton effects.
B) Universal axion of string theory:
Axions arise naturally in superstring theory [20].
Specifically, string compactifications generate Peccei-
Quinn type symmetries often broken at the string scale
[21]. For example [22], there is an axion field a that is
in the same chiral superfield S as the four dimensional
dilaton ϕ
S = e−ϕ + ia . (57)
In addition, there is an axion field a˜ in the superfield S˜
of the volume scalar ρ:
S˜ = eρ + ia˜ . (58)
The Peccei-Quinn symmetries of string theory are al-
ways broken by stringy instanton effects, leading to a
coupling of the axion to some tr(F ∧ F )- term. This can
be shown explicitly by reducing the ten-dimensional su-
pergravity action to four space-time dimensions via com-
pactification on some internal Calabi-Yau manifold; (see
e.g. [22]). Such a compactification also generates po-
tentials for the superfields to which the axions belong.
8These potentials are typically exponential in the radial
direction, but a remnant of the exponential potential may
also affect the potential in the axion direction; especially
if stringy effects lead to a breaking of the shift symmetry
in the axion direction, as happens in axion-monodromy
models [23, 24]. For some explicit constructions of expo-
nential potentials see [25].
C) Axion monodromy:
Indeed, it has recently been realized that stringy effects
break the shift symmetry of the axion. The axion ceases
to be an angular variable and, instead, has an infinite
range of values. Monodromy induces an axion potential
rising without bound, as φ increases to ∞; see, e.g., [24].
At large field values, the axion potential may be linear.
To make contact with our scenario we need to assume
that the potential is exponential at small field values.
We are not the first to connect an axion with a po-
tential induced by stringy monodromy effects with dark
energy. In [26] it was in fact suggested that a stringy
axion may play the role of a quintessence field. The con-
struction in [26] makes use of standard slow-roll inflation
and thus requires super-Planckian field values. It must
still be shown that such field values are consistent from
the point of view of string theory, since for other axion
models they are not [27]. In our construction, the axion
field values are sub-Planckian, because slow-rolling is in-
duced by the coupling of the axion to the Chern-Simons
term of a gauge field.
VI. CONCLUSIONS AND DISCUSSION
We have studied a model of tracking dark energy in
which dark energy arises from an axion field φ linearly
coupled to the Pontryagin density of a gauge field, i.e., to
a term tr(F ∧ F ). Thanks to this coupling, the axion is
rolling slowly even for sub-Planckian field values, It thus
has the right equation of state to account for dark en-
ergy. We have considered the example of an exponential
potential for the axion. The coupling between the axion
and the gauge fields leads to a secular growth term in
the electric field. At early times, the energy density in
φ tracks that of the background matter; but when the
secular growth term becomes important the contribution
of φ to the density parameter Ω starts to increase. We
have studied the evolution of Ωφ (the fraction of the total
energy density required for a spatially flat universe due
to the axion field φ) as a function of time and found that
it is constant for early times t < tm, where tm is the time
when the mass of the gauge field becomes important. It
grows linearly in the scale factor between time tm and
the time, teq, of equal matter and radiation. After time
teq, the value of Ωφ ceases to grow until the time when
the secular growth term becomes dominant, after which
it will start to grow again.
In order for φ to be a successful candidate for dark
energy, the time when Ωφ approaches Ω = 1 has to be
close to the present time t0. This is only the case if, at
the initial time, the φ- field energy is a small contribu-
tion to the total energy density. Our proposal is that this
small initial value of Ωφ is linked to the small value of the
lepton to entropy ratio. This would imply that the sec-
ular growth term becomes important only at rather late
times. Thus, our model represents an implementation
of the “tracking quintessence” scenario of [12]. We have
shown that, in order to obtain the currently observed
value of dark energy in our model, it suffices to require a
fairly mild tuning of dimensionless coupling constants.
In this paper we have neglected the coupling of
the axion field φ in (56) to pseudo-scalar mass terms,
mjψ¯jγ5ψj , of fermionic matter fields. Taking such cou-
plings into account would lead to extra terms on the right
side of the axion equation of motion (39). For H >
maxjmj , these terms will decay as radiation, and, for
H < minjmj , they decay as matter. If m¯ ≡ maxjmj <
m, there is a time interval tm < t < tm¯ when the con-
tribution due to the mass terms on the right side of (55)
decays rapidly, relative to the one of the F ∧ F term.
Hence, as long as m > m¯, the extra terms in (55) will
not change our conclusions.
It has been pointed out that if the field responsible for
dark energy is a pseudo-scalar field then it could cou-
ple to visible matter, and this leads to rather stringent
constraints. A discussion of the coupling of an axion to
visible matter has been given in [18], where it has been
assumed that the axion couples to the ~E · ~B- term of
electromagnetism. This would lead to a rotation of the
direction of polarization of light emitted by distant ra-
dio sources. The constraints resulting from this effect
are quite restrictive and would potentially rule out our
model if our axion were to couple to the electromagnetic
field. However, we have assumed that our axion does not
interact with the photon and thus evades the bounds pre-
sented in [18] and in related work. In a future paper, we
will investigate collider signals due to a possible coupling
of the axion field φ to W- and Z- bosons.
Acknowledgement
One of us (RB) wishes to thank the Institute for The-
oretical Studies of the ETH Zu¨rich for kind hospital-
ity. RB acknowledges financial support from Dr. Max
Ro¨ssler, the Walter Haefner and ETH Zurich Founda-
tions, and from a Simons Foundation fellowship. The
research of RB is also supported in part by funds from
NSERC and the Canada Research Chair program. JF
thanks A. H. Chamseddine and D. Wyler for very help-
ful discussions on related ideas. SA thanks JiJi Fan and
Sam Cormack for helpful discussions, and acknowledges
support from the US Department of Energy under grant
DE-SC0010386. We wish to thank Tom Rudelius and
Gary Shiu for insightful communications.
9[1] S. Weinberg, “A New Light Boson?,” Phys. Rev. Lett.
40, 223 (1978);
F. Wilczek, “Problem of Strong p and t Invariance in the
Presence of Instantons,” Phys. Rev. Lett. 40, 279 (1978);
J. E. Kim, “Weak Interaction Singlet and Strong CP In-
variance,” Phys. Rev. Lett. 43, 103 (1979);
M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, “Can
Confinement Ensure Natural CP Invariance of Strong In-
teractions?,” Nucl. Phys. B 166, 493 (1980).
[2] R. D. Peccei and H. R. Quinn, “CP Conservation in
the Presence of Instantons,” Phys. Rev. Lett. 38, 1440
(1977).
[3] M. Dine, W. Fischler and M. Srednicki, “A Simple Solu-
tion to the Strong CP Problem with a Harmless Axion,”
Phys. Lett. B 104, 199 (1981);
A. R. Zhitnitsky, “On Possible Suppression of the Axion
Hadron Interactions. (In Russian),” Sov. J. Nucl. Phys.
31, 260 (1980) [Yad. Fiz. 31, 497 (1980)].
[4] J. Preskill, M. B. Wise and F. Wilczek, “Cosmology of
the Invisible Axion,” Phys. Lett. B 120, 127 (1983);
L. F. Abbott and P. Sikivie, “A Cosmological Bound on
the Invisible Axion,” Phys. Lett. B 120, 133 (1983);
M. Dine and W. Fischler, “The Not So Harmless Axion,”
Phys. Lett. B 120, 137 (1983).
[5] A. Y. Alekseev, V. V. Cheianov and J. Frohlich, “Univer-
sality of transport properties in equilibrium, Goldstone
theorem and chiral anomaly,” Phys. Rev. Lett. 81, 3503
(1998) [cond-mat/9803346];
J. Fro¨hlich and B. Pedrini, “New applications of the
chiral anomaly,” in: A. S. Fokas et al. (eds.), “Mathe-
matical Physics 2000,” pp. 9-47, Imperial College Press,
World Scientific Publ. Company, London 2000; [hep-
th/0002195]
[6] L. M. Widrow, “Origin of Galactic and Extragalactic
Magnetic Fields,” Rev. Mod. Phys. 74, 775–823 (2002).
[7] A. Boyarsky, J. Frohlich and O. Ruchayskiy, “Self-
consistent evolution of magnetic fields and chiral asym-
metry in the early Universe,” Phys. Rev. Lett. 108,
031301 (2012) [arXiv:1109.3350 [astro-ph.CO]]. A. Bo-
yarsky, J. Frohlich and O. Ruchayskiy, “Magnetohydro-
dynamics of Chiral Relativistic Fluids,” Phys. Rev. D 92,
no. 4, 043004 (2015) [arXiv:1504.04854 [hep-ph]].
[8] A. Vilenkin, “Equilibrium parity violating current in a
magnetic field”, Phys. Rev. D22, 3080 (1980).
M. Joyce and M. E. Shaposhnikov, “Primordial magnetic
fields, right electrons, and the abelian anomaly,” Phys.
Rev. Lett. 79, 1193–1196 (1997).
A. Boyarsky, O. Ruchayskiy, and M. E. Shaposhnikov,
“Long-range magnetic fields in the ground state of the
Standard Model plasma,” Phys. Rev. Lett. 109, 111602
(2012).
[9] M. M. Anber and L. Sorbo, “Naturally inflating on steep
potentials through electromagnetic dissipation,” Phys.
Rev. D 81, 043534 (2010) [arXiv:0908.4089 [hep-th]].
[10] P. Adshead and M. Wyman, “Chromo-Natural Infla-
tion: Natural inflation on a steep potential with classical
non-Abelian gauge fields,” Phys. Rev. Lett. 108, 261302
(2012) [arXiv:1202.2366 [hep-th]];
P. Adshead and M. Wyman, “Gauge-flation trajectories
in Chromo-Natural Inflation,” Phys. Rev. D 86, 043530
(2012) [arXiv:1203.2264 [hep-th]];
E. Martinec, P. Adshead and M. Wyman, “Chern-Simons
EM-flation,” JHEP 1302, 027 (2013) [arXiv:1206.2889
[hep-th]].
[11] A. Maleknejad and M. M. Sheikh-Jabbari, “Gauge-
flation: Inflation From Non-Abelian Gauge Fields,”
Phys. Lett. B 723, 224 (2013) [arXiv:1102.1513 [hep-ph]];
A. Maleknejad and M. M. Sheikh-Jabbari, “Non-Abelian
Gauge Field Inflation,” Phys. Rev. D 84, 043515 (2011)
[arXiv:1102.1932 [hep-ph]].
[12] P. G. Ferreira and M. Joyce, “Structure formation with a
selftuning scalar field,” Phys. Rev. Lett. 79, 4740 (1997)
[astro-ph/9707286];
P. G. Ferreira and M. Joyce, “Cosmology with a pri-
mordial scaling field,” Phys. Rev. D 58, 023503 (1998)
[astro-ph/9711102];
R. R. Caldwell, R. Dave and P. J. Steinhardt, “Cosmolog-
ical imprint of an energy component with general equa-
tion of state,” Phys. Rev. Lett. 80, 1582 (1998) [astro-
ph/9708069];
E. J. Copeland, A. R. Liddle and D. Wands, “Exponen-
tial potentials and cosmological scaling solutions,” Phys.
Rev. D 57, 4686 (1998) [gr-qc/9711068];
I. Zlatev, L. M. Wang and P. J. Steinhardt,
“Quintessence, cosmic coincidence, and the cosmologi-
cal constant,” Phys. Rev. Lett. 82, 896 (1999) [astro-
ph/9807002];
P. J. Steinhardt, L. M. Wang and I. Zlatev, “Cosmolog-
ical tracking solutions,” Phys. Rev. D 59, 123504 (1999)
[astro-ph/9812313].
[13] C. Wetterich, “Cosmology and the Fate of Dilatation
Symmetry,” Nucl. Phys. B 302, 668 (1988);
P. J. E. Peebles and B. Ratra, “Cosmology with a Time
Variable Cosmological Constant,” Astrophys. J. 325, L17
(1988);
B. Ratra and P. J. E. Peebles, “Cosmological Conse-
quences of a Rolling Homogeneous Scalar Field,” Phys.
Rev. D 37, 3406 (1988).
[14] S. Adler, “Axial Vector Vertex In Spinor Electrodynam-
ics,” Phys. Rev. 177, 2426-2438 (1969).
J. S. Bell and R. Jackiw, “A PCAC Puzzle: pi0 → γγ In
The Sigma Model,” Nuovo Cimento A60, 47-61 (1969).
[15] S. H. S. Alexander, M. E. Peskin and M. M. Sheikh-
Jabbari, “Leptogenesis from gravity waves in mod-
els of inflation,” Phys. Rev. Lett. 96, 081301 (2006)
doi:10.1103/PhysRevLett.96.081301 [hep-th/0403069].
[16] P. Adshead, E. Martinec and M. Wyman, “Perturba-
tions in Chromo-Natural Inflation,” JHEP 1309, 087
(2013) doi:10.1007/JHEP09(2013)087 [arXiv:1305.2930
[hep-th]].
[17] C. Armendariz-Picon, “Could dark energy be vector-
like?,” JCAP 0407, 007 (2004) [astro-ph/0405267].
[18] S. M. Carroll, “Quintessence and the rest of
the world,” Phys. Rev. Lett. 81, 3067 (1998)
doi:10.1103/PhysRevLett.81.3067 [astro-ph/9806099].
[19] S. Weinberg, “The Quantum Theory of Fields”, vol. 2,
Cambridge University Press, Cambridge and New York,
1996.
[20] E. Witten, “Some Properties of O(32) Superstrings,”
Phys. Lett. B 149, 351 (1984).
[21] P. Svrcek and E. Witten, “Axions In String Theory,”
JHEP 0606, 051 (2006) [hep-th/0605206].
10
[22] S. Gukov, S. Kachru, X. Liu and L. McAllister, “Het-
erotic moduli stabilization with fractional Chern-Simons
invariants,” Phys. Rev. D 69, 086008 (2004) [hep-
th/0310159].
[23] E. Silverstein and A. Westphal, “Monodromy in the
CMB: Gravity Waves and String Inflation,” Phys. Rev.
D 78, 106003 (2008) [arXiv:0803.3085 [hep-th]].
[24] L. McAllister, E. Silverstein and A. Westphal, “Grav-
ity Waves and Linear Inflation from Axion Monodromy,”
Phys. Rev. D 82, 046003 (2010) [arXiv:0808.0706 [hep-
th]].
[25] S. Alexander, work in progress.
[26] S. Panda, Y. Sumitomo and S. P. Trivedi, “Ax-
ions as Quintessence in String Theory,” Phys. Rev.
D 83, 083506 (2011) doi:10.1103/PhysRevD.83.083506
[arXiv:1011.5877 [hep-th]].
[27] B. Heidenreich, M. Reece and T. Rudelius, “Weak Grav-
ity Strongly Constrains Large-Field Axion Inflation,”
arXiv:1506.03447 [hep-th];
J. Brown, W. Cottrell, G. Shiu and P. Soler, “On Axionic
Field Ranges, Loopholes and the Weak Gravity Conjec-
ture,” arXiv:1504.00659 [hep-th];
J. Brown, W. Cottrell, G. Shiu and P. Soler, “Fenc-
ing in the Swampland: Quantum Gravity Constraints
on Large Field Inflation,” JHEP 1510, 023 (2015)
doi:10.1007/JHEP10(2015)023 [arXiv:1503.04783 [hep-
th]];
T. Rudelius, “Constraints on Axion Inflation from the
Weak Gravity Conjecture,” JCAP 1509, no. 09, 020
(2015) [arXiv:1503.00795 [hep-th]];
T. Rudelius, “On the Possibility of Large Axion
Moduli Spaces,” JCAP 1504, no. 04, 049 (2015)
[arXiv:1409.5793 [hep-th]].
